PROJECTIVE 3-FOLDS OF GENERAL TYPE WITH 
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Abstract. There are many examples of 3-folds of general type 
with x(0) = 1 found by Fletcher and Reid about twenty years 
ago. Fletcher has ever proved Pi2{X) > 1 and P24{X) > 2 for all 
minimal 3-folds X of general type with x(C'x) = 1- In this paper, 
we improve on Fletcher's method. Our main result is that ipm is 
birational onto its image for all m > 63. To prove this we will show 
Pm>l for all m > 14 and P21+18 > 3 for aU I > 0. 



1. Introduction 

To classify algebraic varieties is one of the main goals of algebraic 
geometry. In this paper we are concerned with the explicit algebraic 
geometry of complex projective 3-folds of general type. 

Let y be a smooth projective 3-fold of general type. Let X be a 
minimal model of V. Denote by the m-th pluricanonical map. A 
classic problem is to see when is birational onto its image. Re- 
cently a remarkable theorem by Tsuji Hacon-IvL^Kernan [13] and 
Takayama says that there is a universal constant such that iprn 
is birational for all m > and for arbitrary 3-folds of general type. A 
very new result by J. A. Chen and the first author in |5j shows that 
one may take = 77. 

There have been some concrete known bounds on already. For 
example, rs < 5 (sharp) if X is Gorenstein by J. A. Chen, M. Chen, 
D.-Q. Zhang [1]; rs < 8 (sharp) if either q{X) > by J. A. Chen, C. D. 
Hacon [3] or pg{X) > 2 by M. Chen [6]; rg < 14 (sharp) if x(Cx) < 
by M. Chen, K. Zuo [H]. It is natural to study a 3-fold with x(C) > 1. 

First we treat a general 3-fold and prove the following: 

Theorem 1.1. Let V be a nonsingular projective 3-fold of general type. 
Assume Pmi{V) > 2 and Pm{V) > 1 for all m > mo > 2. Then the 
pluricanonical map tpm is birational for all m > max{mQ + Ami + 
2,5mi + 4}. 

Theorem II . II has improved KoUar's Corollary 4.8 in [T7j and Theorem 
0.1 of [H]. 

The first author was supported by the Program for New Century Excellent Tal- 
ents in University (^NCET-05-0358) and the National Outstanding Young Scientist 
Foundation (#10625103). The second author was supported by Graduate Students' 
Innovation Projects (EYH5928004). 
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In the second part we prove the following: 

Theorem 1.2. Let V be a nonsingular projective 3-fold of general type 
with x(C^y) = 1- Then 

(i) PmiV) := h^{V,mKv) > for all m > 14; 

(a) Pi8+2iiV) > 3 for all integer I > 0; 

(Hi) (fm is birational onto its image for all m > 63. 

Theorem 11.21 has improved lano-Fletcher's results in [TT] . 

Throughout our paper the symbol = stands for the numerical equiv- 
alence of divisors, whereas ~ denotes the linear equivalence and =q 
denotes the Q-linear equivalence. 



In this section we are going to treat a general 3-fold of general type. 
By the 3-dimensional MMP (see [T8l HU ED] for instance) we may con- 
sider a minimal 3-fold X of general type with Q-factorial terminal 
singularities. 

2.1. Assumption. Assume that, on a smooth model Vq of X, there 
is an effective divisor T < rriiKvQ with nr := /i°(Vo, Ov;)(r)) > 2. 
Naturally P^i > 2. We would like to study the rational map ip\T\. A 
very special situation is F = miKy^, meanwhile Lp\Y\ is nothing but the 
mi-canonical map. 

2.2. Set up. 

First we fix an effective Weil divisor ~ miKx- Take successive 
blow-ups TT : A' — s> X (along nonsingular centers), which exists by 
Hironaka's big theorem, such that: 

(i) X' is smooth; 

(ii) there is a birational morphism vrr : A' — > Vq; 

(iii) the movable part Mp of |7rp(F)| is base point free; 

(iii) the support of 7r*(AmJ U vrf (F) is of simple normal crossings. 
Denote by g the composition o TTp. So : A' — > W C p"r-i jg 

morphism. Let A' — »• B — > W' be the Stein factorization of g. We 
have the following commutative diagram: 



Denote by Mk the movable part of \kKx'\ for any positive integer 
k > 0. We may write niiKx' =q n*{miKx) + E^^^n^ = Mm^ + Zm^, 
where is the movable part of \miKx'\, the fixed part and 
E'^^mi an effective Q-divisor which is a Q-sum of distinct exceptional 



2. Pluricanonical systems 



A^ 



/ 
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divisors. By Kx' — ^i?7r,mi, we mean ti*{Kx)- So, whenever we take 
the round up of mn*{Kx), we always have '~m7r*(i^'x)~' < mKx' for 
all positive numbers m. Since Mr < < TT*{miKx), we can write 
'n'*{miKx) = Mr + where is an effective Q-divisor. Set d := 
dim(i?). Denote by S" a generic irreducible element (see Definition I2.3p 
of |Mr|. Then S" is a smooth projective surface of general type. When 
d = 1, one can write Mr = arS where ar > nr — 1. 

Definition 2.3. Assume that a complete linear system \M'\ is movable 
on an arbitrary variety V. A generic irreducible element S' of |M'| is 
defined to be a generic irreducible component in a general member of 
\M'\. Clearly S' ~ M' only when \M'\ is not composed with a pencil. 

Before proving the main result we build a technical, but a quite 
useful theorem which is a generalized form of Theorem 2.6 in [6J. 

Theorem 2.4. Let X he a minimal projective 3-fold of general type 
with Q-factorial terminal singularities. Assume that, on a smooth 
model Vq of X , there is an effective divisor T < miKvo with n-p := 
h^{Vo,Ovo{T)) > 2. Keep the same notation as in above. One has 
a fibration f : X' — > B induced by Lpi-. Denote by S a generic irre- 
ducible element of |Mr|. Assume that, on the smooth surface S, there 
is a movable linear system \G\ (not necessarily base point free). Let 
C be a generic irreducible element of \G\ (so C can be singular). Set 



Then the inequality > 2g{C) — 2 + (where g{C) is the geomet- 
ric genus of C) holds under the assumptions (1) and (2) below. Fur- 
thermore (fm of X is birational onto its image under the assumptions 



Assumptions, for a positive integer m: 

(1) There is a rational number jS > such that 7i*{Kx)\s — PC is 
numerically equivalent to an effective Q-divisor; and set a := 

_ 1 _ m _ 1)^ and ao := ^a^. 

(2) The inequality a > 1 holds. 

(2) ' Either a > 2 or a > 1 and C is non-hyper- elliptic. 

(3) The linear system \mKx' \ separates different generic irreducible 
elements of |Mr| (namely, ^\mKx,\{S') ^ ^\m,K^,\{S"^ for two 
different generic irreducible elements S' , S" of \My-\). 

(4) The linear system \mKx'\\s on S (as a sub-linear system of 
\mKx'\s\) separates different generic irreducible elements of 
\G\. Or sufficiently, the complete linear system 



^■.= {n*{Kx)-C)x'eQand 




(1),(2)', (3) and (4) below. 



Ks + ^{m-l)7r*{Kx)-S--E\ 
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separates different generic irreducible elements of\G\. 

Proof. We first prove the birationality of (pm- 

Condition (3) says tliat tlie linear system \mKxi\ separates different 
irreducible elements of |Mr|. By the birationality principle (PI) and 
(P2) of [7], it is sufficient to prove that the linear system ImiTx'Hs gives 
a birational map on a generic irreducible element S of |Mr|. Condition 
(4) says that ImX^'Hs on S separates different generic irreducible el- 
ements of \G\. Again by the birationality principle it suffices to prove 
the birationality of ^\mK^i\\c where C is a generic irreducible element 
of IGI- In fact, we consider a smaller linear system than \mKxi\- we 
consider the sub-system 

\Kx' + ^(m - 1)tx*{Kx) - -E''^\ C \mKx'\. 

P 

Noting that (m - 1)tt*{Kx) ~ ^E'^ - S = {m ~ 1 - ^)tt*{Kx) is nef 
and big under the assumptions (1) or (2), the vanishing theorem gives 
a surjective map 

H\X', Kx' + ^(m - l)7v*{Kx) - -E^,^) 

P 

H'^iS, Ks + ^(m - l)7T*iKx) -S- -E!,^\s). (2.1) 

P 

Note that \Kx' + ^{m - l)7i*{Kx) - ^E^^\ C \mKx'\. It suffices to 
study + '~(m - l)7r*{Kx) - S - ^^^"^151. We go on studying the 
restriction to C. By assumption (1), there is an effective Q-divisor H 
on S such that 

^7r*iKx)\s = C + H. 

If |G| is not base point free, we can take a birational modification 
z/ : S — > S (otherwise set u to be an identity) such that S is smooth 
and that the movable part |G| of |z/*(G)| is base point free. Denote by 
C a generic irreducible element of Then C is smooth. We study 
the linear system 

\Kg + ^iy*{{{m-l)n*{Kx) 

which is smaller than the linear system 

\Ks + iy*{^{{m-l)n*{Kx) 

The last linear system has the same birationality as that of \Ks + 
r((m - l)7r*{Kx) -S- lE[.)\s^\ on the surface S. We write u*{C) = 
C + E where E is exceptional and effective. Whenever m — 1 — — — > 



S 



P 



S--E'^)\s- 
P 
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0, the Q-divisor 

v*{{{m - 1)t^*{Kx) -S-^E^)\s-H)-C-E 

^{m-l-^-^)n*{Kx)\s 

is nef and big. The Kawamata-Viehweg vanishing gives the surjective 
map 

H^(S, Ks + ^z/*(((m - l)-K*{Kx) -S- -^E'^)\s - H) - E^) 

^H\C,K^+D) (2.2) 

where D := ^p*{{{m - 1)'k*{Kx) -S- IE'^)\s - C - H) - E^\c is a 
divisor on C. Noting that C is nef on we have 

deg(D) > v*{{{m - 1)tx*{Kx) - S --E'^)\s - C - H) -C 

P 

= (((m - l)n*iKx) -S--E^)\s-C-H)-C 

P 

= (^rn-l-^-l)n*{Kx)\s-C = a 
P P 

and thus deg(D) > oq- Whenever deg(D) > 3 or deg(D) > 2 and C is 
non-hyper-elhptic, 



\Ks + ^y\{{m - 1)'k\Kx) -S- -^E'^)\s - H) - E' 



\c 



gives a birational map. Thus \Ks + '"(m — 1)'k*{Kx) — S — ^Ey~^\s\ 
gives a birational map and so of X is birationaL 

Finally we show the inequality for ^. Whenever we have deg(D) > 
a > 2, \K-(j+ D\ is base point free by the curve theory. Denote by \Nm\ 
the movable part of \Ks+^{{m - 1)ti*{Kx) -S~ ^E'^Jls - H\ Ap- 
plying Lemma 2.7 of [7] to surjective maps (Bl) and (B2), we have 

mn*{Kx)\s>N^ and {Nr^-C)s = v*{N^)-C >2g{C)-2 + deg{D). 

Note that the above inequality holds without conditions (3) or (4). We 
are done. □ 

Theorem 2.5. Let X he a minimal projective 3-fold of general type 
with Q-factorial terminal singularities. Assume that, on a smooth 
model Vq of X , there is an effective divisor T < miKy^ with : = 
h°{Vo,Ovo(X)) > 2. Assume > I for all m > tuq > 2. Keep 
the same notation as in \2.^ If d = 3, Then is birational for all 
m > max{mo + nii, 3mi + 2}. 
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Proof. Recall that we have p = 1. 

Take an integer m > mo + mi. Since rriKx' > Mr and that |Mr| is 
not composed with a pencil, \mKx' \ can separate different S. Theorem 
12.4( 3) is satisfied. On the surface S, we take G := S\s. Then IGI is 
not composed of a pencil. Since we have 

Ks + ^(m - l)7T*iKx) -S- Ep\s > S\s, 

the exact sequence (Bl) shows that Theorem 12.4( 4) is satisfied. 

Because mi'K*{Kx)\s > C where C G \G\ is a general member, 
we can take /3 = — . So Theorem 12.4( 1) is satisfied. On a generic 
irreducible element S of |Mr|, we have a linear system |G| which is not 
composed of a pencil and is base point free. So S*^ = S'|s-S'|s = > 2. 
Thus 

2g{C) -2 = {Ks + C)-C> {7t*{Kx)\s + 2S\s) ■ C > 4, 

which means g{C) > 4. 

If we take a sufficiently big m, then {m — 1 — ^ — will be big 
enough. Theorem 12.41 gives C, > 2m +i ■ Take m > 3mi + 2. Then 
a = (m - 1 - ^ - i)^ > 1^ > r (Theorem Ogives ^ > ^2-) 

Therefore one sees by Theorem 12.41 that iprn is birational for all m > 
max{mo + mi, 3mi + 2}. 

One can even get better bound of m whenever mi is big. For instance, 
if mi > 11, take m > 3mi-2. Then a = (m-2mi-l)^ > > 2. 

So is birational for all m > max{mo+mi, 3mi— 2} and mi > 11. □ 

Theorem 2.6. Let X be a minimal projective 3-fold of general type 
with Q-factorial terminal singularities. Assume that, on a smooth 
model Vq of X , there is an effective divisor V < miKy^ with : = 
/i°(yo,C'vb(r)) > 2. Assume P„, > 1 for all m > m^ > 2. Keep 
the same notation as in \2.<1[ If d = 2, then (fm is birational for all 
m > max{mQ + 2mi,4mi + 2}. Furthermore ipm is birational for all 
m > max{mo + 2mi , 4mi — 9} and for mi > 18 . 

Proof. Recall that we have p = 1. Take an integer m > mo+2mi. Since 
mKx' > Mr and that |Mr| is not composed with a pencil, \mKx'\ can 
separate different S. Theorem 12.4( 3) is satisfied. On the surface S, we 
take G := 5*15. Different from the case d = 3, \G\ is composed with a 
pencil of curves. If |G| is composed of a rational pencil, then since we 
have 

Ks + ^(m - l)n*{Kx) -S- E^^\s > S\s, 

the exact sequence (2.1) shows that |mKx'||s can separate different 
generic irreducible elements of \G\. Otherwise G = tC where t > 1 and 
C is a generic irreducible element of \G\. Noting that mi7r*{Kx)\s = 
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tC + E'j.\s, one sees that 

(m - l)7r*{Kx)\s - S\s - (1 + '^)E^\s -C.-C^ 

= (m-l-mi-^K(irx)|5 

is nef and big, where Ci and C2 are different generic irreducible ele- 
ments of IGI- Thus the Kawamata-Viehweg vanishing theorem ([15], 
|27] ) gives the surjective map: 

Off) -, 

Ks + ^((m - l)7r*(Kx) -S-{1 + -^)E'^)\s-^) 

H\C,,Kc, + Di)(BH\C2,Kc,+D2)—^0 

where deg(Di) > for z = 1,2. Because Ci is a curve of genus > 2, 
H^{Ci, Kc\ + Di) 7^ for i = 1,2. So |miCx'||5 can separate differ- 
ent generic irreducible elements of In a word. Theorem 12.4( 4) is 
satisfied for all m > mo + 2mi. 

Because min*{Kx)\s > C where C is a generic irreducible of \G\, 
we can take P = So Theorem 12.4( 1) is satisfied. On a generic 
irreducible element S of \M-p\, we have a linear system |G| which is 
composed of a pencil of curves. Because g{C) > 2, one has Ks-C+C^ > 
2. 

If we take a sufficiently big m, then {m — 1 — — — will be big 
enough. Theorem 12.41 gives ^ > 2m_^_i ■ Take m = 4mi + 3. Then 
a = (m - ^ - i)e > 1^ > 2. Theorem [H gives ^ > Take 
m = 4mi + 2. Then a > i?ia±5 > 2. 

^ — 4 mi+3 

Therefore Theorem 12.41 says that is birational whenever m > 
max{mo + 2mi,4mi + 2}. Also one gets ^ > . 

Now assume mi > 10. Take m > 4mi — 2 and then a > 2. So is 
birational for all m > max{mo + 2mi, 4mi — 2}; Assume mi > 16 and 
take m > 4mi — 6. Then a > 2 and ^ > Take m > 4mi — 8. 

Then a > 2 and ^ > ^^^_g ; Assume mi > 18 and take m > 4mi — 9. 
Then a > 2. In a word, we have seen that ipm is birational whenever 
m > maxjmo + 2mi, 4mi — 9} provided mi > 18. □ 

Now we begin to study the case d = 1. Though similar lemmas has 
already been established in several papers of the first author, we include 
a more general one here for the convenience to future applications. 

Lemma 2.7. Let X be an arbitrary minimal 3- fold with Q-factorial 
terminal singularities. Let n : X' — > X be a smooth birational mod- 
ification. Assume that f : X' — > B is an arbitrary fibration onto a 
smooth curve B with g{B) > 0. Denote by F a general fiber of f . Then 
'n-*{Kx)\F ~ <^*{Kfo) where a : F — > Fq is the blow down onto the 
smooth minimal model. 
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Proof. We shall use the idea of Lemma 14 in Kawamata's paper [TB] . 
By Shokurov's theorem in [23], each fiber of n : X' — > X is rationally 
chain connected. Therefore, /(7r~^(x)) is a point for all x G X. Con- 
sidering the image G C (X x B) of X' via the morphism (tt x /) o Ax' 
where Ax' is the diagonal map X' — > X' x X', one knows that G is 
a projective variety. Let f^i : G — > X and g2 : G — ^ B be two pro- 
jections. Since gi is a projective morphism and even a bijective map, 
gi must be both a finite morphism of degree 1 and a birational mor- 
phism. Since X is normal, gi must be an isomorphism. So / factors 
as /i o TT where /i := g2° gi^ : X ^ B is a. well defined morphisms. In 
particular, a general fiber Fq of /i must be smooth minimal. So it is 
clear that 7r*{Kx)\F ~ cr*(-^Fo) where cr is nothing but 7v\p. □ 

The following lemma shows a way to find a suitable (3 in Theorem 
12.41 We admit that it has already appeared as a weaker form in several 
papers of the first author. 

Lemma 2.8. Let X be a minimal projective 3-fold of general type 
with Q-factorial terminal singularities. Assume that, on a smooth 
model Vq of X , there is an effective divisor V < miKvo with nr : = 
h"{Vo,Ovo{T)) > 2. Assume Pm > 1 for all m > mo > 2. Keep the 
same notation as in \2.2[ Assume B = F^. Let f : X' — > F'^ be an in- 
duced fibration ofLp\r\- Denote by F := S a general fiber of f . Then one 
can find a sequence of rational numbers with lim„j^+oo Pn = mi+p 
such that 7r*{Kx)\F — Pn<^*{KFo) is Q-linearly equivalent to an effective 
Q-divisor Hn, where a : F — > Fq is the blow down onto the smooth 
minimal model. 

Proof. One has Ob{p) ^ /*(9x'(^r) ^ f*^x^ and therefore /*i^x7b '~ 
/^w^f'*'^*''™^ for any big integer to- 

For any positive integer k, denote by Mk the movable part of \kKx'\- 
Note that f^u'^iQ is generated by global sections since it is semi- 
positive according to E. Viehweg ([^). So any local section can be 
extended to a global one. On the other hand, \tQpa*{Kp^^) \ is base point 
free and is exactly the movable part of \tQpKp\ by Bombieri [2j. Set 
Oo := tQp + 2tomi and 6o := ioV- Clearly one has the following relation: 

aQ'K*{Kx)\F > Mtop+2tomi\F > hQ(J* {K F^) ■ 

This means that there is an effective Q-divisor E'q on F such that 

aoTX*{Kx)\F =Q boa*{KFo) + K- 

Thus 7r*{Kx)\F =Q ^,^*{Kp,) + E, with E, = ^E',. 
Let us consider the case p >2. 

Assume that we have defined a„ and bn such that the following is 
satisfied with I = n : 



ai7r*{Kx)\F>ka*{Kp,). 
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We will define a„+i and bn+i inductively such that the above inequality 
is satisfied with I = n + 1. One may assume from the beginning that 
a„7r*(Kx) is supported on a divisor with normal crossings. Then the 
Kawamata-Viehweg vanishing theorem implies the surjective map 

H%Kx' + ^ann*{Kxy + F) ^ H\F, Kp + ^ an'K^iKxVy). 
One has the relation 

\Kx' + ^anTl*{KxV + F\\F = \KF + ^an'K*{KxV\F\ 

D \KF + b^a*{Kp,)\ 

Denote by M'^^_^_i the movable part of |(a„ + l)Kx' + F\. Applying 
Lemma 2.7 of [7], one has M^^_^-^^\p > (&„ + l)a*{Kpf^). We modify our 
original vr such that |M^^_,_^| is base point free. In particular, M'^^_^_^ is 
nef. Since X is of general type ImiTxl gives a birational map whenever 
m is big enough. Thus we see that ^-^ is big if we fix a very big to 
in advance. 

Now the Kawamata-Viehweg vanishing theorem again gives 

\Kx'+M',^^, + F\\p = \Kp + M'^^^,\p\ 

D \Kp + ibn + l)cr*iKp,)\ 
D \ib^ + 2)a*iKp,)\. 

We may repeat the above procedure inductively. Denote by M'^^j^^ 
the movable part of \K x' + M'^^^^_^ + F\ for t > 2. For the same reason, 
we may assume |M^^_^J to be base point free. Inductively one has: 

M'^^^,\p>ib„, + t)a*iKp,,). 

Applying the vanishing theorem once more, we have 

\Kx' + Mi^^t + F\\p = \Kp + M'^^Jp\ 

D \Kp + {bn + t)a*{Kp,)\ 
D \{bn + t + l)a*iKp,)\. 

Take t = p — 1. Noting that 

\Kx' + M'^^^p_^ + F\ C \{an+p + mi)Kx'\ 
and applying Lemma 2.7 of [7j again, one has 

an+in*{Kx)\F > Ma„+p+mAF > ^C+pl^ ^ bn+l(T* (Kp^) . 

Here we set a^+i := an + p + mi and bn+i = bn + P- Set /3„ = — . 
Clearly lim„^+oo/?n = 

The case p = 1 can be proved similarly, but with a simpler induction. 
We omit the details. □ 
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Theorem 2.9. Let X be a minimal projective 3-fold of general type 
with Q-factorial terminal singularities. Assume that, on a smooth 
model Vq of X, there is an effective divisor T < miKy^ with := 
/i°(yo,C'v;,(r)) > 2. Assume Pm > I for all m > rriQ > 2. Keep the 
same notation as in \2.2[ If d = 1, then: 

(1) ipm is birational for all m > max{mo + 4mi + 2, 5mi + 4}; 

(2) iprn is birational for all m > max{mo + Ami + 2, 5mi — 2} and 
for nil > 14; 

(3) Whenever nr > 3, (fm is birational for allm > max{mQ + 2mi + 
2,3mi +4}. 

Proof. One has an induced fibration / : X' — > B. Denote by F a 
general fiber of /. 

Case 1. h = g{B) > 0. Under this situation we have p = a-p > 2. 
By Lemma [231 we have 7r*{Kx)\F ~ or*(^Fo)- Let F' and F" be two 
different smooth fibers of /. For all m > mo + mi + 3 one has 

2 2m, 

(m - l)n*(Kx) - -E' ~ F' - F" = (m - 1 -)n*(Kx) 

p p 

is nef and big, the Kawamata-Viehweg vanishing theorem ([TSl ITT] ) 
gives a surjective map: 



H%X', Kx' + ^(m - l)7r*{Kx) - -E'^-^) 

p 

p 

p 

The last two groups are non-zero because, for instance, 

Kp. + r(m - l)7i*(Kx) - -E^^lp. > (mo + 3)a"*(Kp») > 

p " 

where a" : F" — > Fq is the blow down onto the minimal model. 
Therefore \Kx' + '~(m - l)7r*(i^x) - f-^'f"'! can separate F' and F" 
and so can \mKx'\- The vanishing theorem gives another surjective 
map: 

Kx' + ^(m - l)n*{Kx) - -^D 

p 

H''{F,KF + ^{m-l)7r*{Kx)--E^^\F). 

p 

Because 

Kf + ^{m - l)n*{Kx) - ^EP\f > {mo + S)a*{KF,) > 5a*{KF,), 
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one sees that |i^i? + '"(m — 1)t!-*{Kx) — ^-Ef"'!^! gives a birational map 
because f\5Kp\ is birational according to Bombieri. Therefore is 
birational onto its image for all m > mo + mi + 3. 

Case 2. b = g{B) = 0. Suppose m > mo + 4mi + 2. Consider 
the linear system \Kx' + '~(m — l)7r*{Kx) — C \mKx'\- Because 

Kx'+'~{rn — l)'K*{Kx) — "-E-f — ^ \ Mt \ is composed with a ratio- 
nal pencil, \mKx'\ can separate different generic irreducible elements 
of \Mr\. Theorem [231 (3) is satisfied. Note that P2{F) > 2 by sur- 
face theory. On a general fiber F, take G to be the movable part of 
\2a*{KFg)\. Let C be a generic irreducible element of \G\. According 
to Theorem 1 of Xiao 1^1 is composed with a pencil of curves 

if and only if Kp^ = 1 and Pg{Fo) = 0. Clearly |G| is composed of a 
rational pencil when Kp^ = 1 and Pg{Fo) = since g(Fo) = 0. So it 
suffices to show Imi^x'llf ^ 1^1 i^ order to verify Theorem 12.4( 4). In 
fact, one has ^ f*^x^- Thus there is the inclusion: 

f , ,2 f , ,4mi+2 

J*iOx'/B .J*^X' 

Since f*(^x'/B semi-positive by Viehweg [2H] and thus generated by 
global sections, one has 

m7r*{Kx)\F > (4mi + 2)7r* {Kx)\f > G. 

In a word, Theorem l2.4l (3) and (4) are satisfied for all m > mo-l-4mi+2. 

Take a /3, nearby 2mi+2 ' virtue of Lemma [2781 

If |G| is composed with a pencil of curves and g{C) = 2, then 
cr*{KF,)-C > 2 by Lemm^a This gives ^ > ^,a*{Kp,)-C > ^ 
by Lemma 2.8. Take m > 5mi + 3. Then a> 2 + ^^^^ > 2. Thus 
Theorem 12.41 says that ipm is birational for all m > max{mo -|- 4mi + 
4,5mi + 3}. 

Otherwise \G\ is composed with a pencil of curves and g{C) > 3 or 
|G| is not composed of a pencil of curves. In the later case, after a 
necessary birational modification to get the base point freeness of \G\, 
one sees that 2g{C) - 2 = Ks ■ C + > 4. Again g{C) > 3. If we 
take a very large m such that a is big enough, then Theorem 12.41 gives 

me > 2giC) - 2 + r(m - 1 - ^ - 

P P 



which means f > ^ — Take m > 5mi + 4. Then a > 2 + J^^ , „ > 2 

^ — 3mi+3 — . .. — 3mi+3 

whenever mi > 1. Therefore Theorem 12.41 says that (fm is birational 
for all m > max{mo + 4mi + 4, 5mi + 4} and for mi > L The same 
statement for the situation mi = 1 was proved in [6J. 

When mi is big, one can get better bound of m. For example, when 
mi > 14, one sees that ifm is birational for all m > max{mo + 4mi -|- 
2,5mi -2}. 
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Case 3. > 3. This is more or less parallel to Case 2. But since 
nr is bigger, we hope to deduce a better result on the birationality of 
(fm- The case with 6 > follows from Case 1. So we may still assume 
b = g{B)=0. 

Suppose m > mo + 2mi + 2. Consider the linear system \Kxi + 
r(m - 1)ti*{Kx) - J-Ef^l C \mKx'\. Because 

Kx' + ^(m - l)'n\Kx) - -^^ > F 

P 

and \M-p\ is composed with a rational pencil, \mKx'\ can separate dif- 
ferent generic irreducible elements of |Mr|. Theorem 12.41 (3) is satisfied. 
We still take G to be the movable part of \2a*{KpQ)\ . Let C be a generic 
irreducible element of Similar to the situation in Case 2, it suffices 
to show ImXx'llF ^ 1^1 in order to verify Theorem 12.4( 4). In fact, one 
has Cb(2) ^ f*'^x' since nr > 3. Thus there is the inclusion: 

f , ,2 ^ f , ,2mi+2 
J*^X'/B J*^X' 

Since f*oj'^x' /b semi-positive (= weakly positive) by Viehweg [2H] and 
thus generated by global sections, one has 

m'K*{Kx)\F > (2mi + 2)n*{Kx)\F > G. 

In a word, Theorem l2.4l (3) and (4) are satisfied for all m > mo+2mi+2. 
Note that we have p > 2 by our definition. Take a /3, nearby 
^ , ^ > — V^, by virtue of Lemma [2781 

2(mi+p) — mi+2' ' ' 

If \G\ is composed with a pencil of curves and g{C) = 2, then 
^*iKp,)-C > 2 by LemmaEIOl This gives ^ > ^a*iKp,)-C > ^ 
by Lemma 2.8. Take m > 2mi + 5. Then a = {m — 1 — ^ — > 

2 -|- ^^^2 ^ ^- Thus Theorem 12.41 says that is birational for all 
m > max{mo + 2mi + 2, 2mi + 5}. 

Otherwise either |G| is composed with a pencil of curves and g{C) > 

3 or |G| is not composed of a pencil of curves. In the later case, after a 
necessary birational modification to get the base point freeness of \G\, 
one sees that 2g{C) - 2 = Ks ■ C + > 4. Again g{G) > 3. If we 
take a very large m such that a is big enough, then Theorem 12.41 gives 

me > 2giC) - 2 + r(m - 1 - ^ - 

P P 

which means f > tt"^- Take m > 3mi + 4. Then a > 2 + |^ > 2. 

^ — 3 mi+6 — ^ — 3mi+6 

Therefore Theorem 12.41 says that is birational for all m > max{mo + 
2mi + 2,3mi +4}. 

In a word, whenever nr > 3 and (i = 1, Lp^ is birational for all 
m > maxjmo + 2mi + 2, 3mi + 4}. □ 

Lemma 2.10. Let S be a smooth projective surface of general type 
with Kg^ = 1 and Pg{S) = where Sq is the minimal model of S. Let 
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a : S — > Sq be the blow down. Denote by \C\ the movable part of 
\2Ks\. Ifg{C)=2, thena*{Ks,)-C>2. 

Proof. Set C = a,{C). Clearly h°{So,C) > h\S,C). Thus C moves 
in a family. Because |C| is the movable part of |2i^5|, \C\ must be the 
movable part of |2K'5(,| since ^2(5") = P2('S'o). We can write 2Ksq ~ 
C + Z where Z is the fixed part. 

If = 0, then C must be smooth and a*{Kso)^C = Kg,, ■C>2. 

If > and Ks, -0=1, then < ^-^^^ = 1. Clearly C 

Sq 

is smooth. The Hodge index theorem says C = Ks^- So Z = Kso- 
According to Bombieri [2] or [T], iSK^pl gives a birational map. So 
(fslc- is birational for a general C. Because Z = Ks^ is nef and big, 
one has H^{So, Ks^ + Z) = by the vanishing theorem. So there is the 
following surjective map: 

H\S^,?>Ks,) H%C,Kc + Z\c). 

Since Z is effective and Z ■ C = Kg^ = 1, Z\-(j is a single point. So 
the Riemann-Roch on C gives h^{K-^ + Z\-q) = 2. Thus the linear 
system \K-^+ ^Icjl '^^'^ only give a finite map onto P^, a contradiction. 
Therefore > 1. □ 

Theorems 12. 5^ 12. 6^ 12.91 directly imply Theorem 11.11 
Theorem 11.21 (iv) follows from Theorem 11.11 Theorem 11.21 (i) and 
Theorem ll.2( ii) . 



3. Plurigenera of 3-folds of general type with x = 1 

First let us recall Reid's plurigenus formula (at page 413 of [21]) for 
a minimal 3-fold X of general type: 

F„(X) = ^m(m - l)(2m - l)K'i - (2m - l)x{Ox) + Km) (3.1) 
where m > 1 is an integer, the correction term 

Km) f SLiM. 

Q Q i=i 

where the sum Y2q runs through all baskets Q of singularities of type 
^(a, —a, 1) with the positive integer a coprime to r, < a < r, < 6 < 
r, ab = 1 (mod r), bj the smallest residue of bj mod r. Reid's result 
(Theorem 10.2 in [21]) says that the above baskets {Q} of singularities 
are in fact virtual (!) and that one need not worry about the authentic 
type of all those terminal singularities on X, though X may have non- 
quotient terminal singularities. lano-Fletcher (p^) has showed that 
the set of baskets {Q} in Reid's formula is uniquely determined by X. 
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Lemma 3.1. [11, Lemma 3.1] For all m > and n > 1, one has 

l{m + 2n) > l{m) + nl{2) and the equality holds if and only if all the 
singularities are of type |(1,— 1,1). 

Lemma 3.2. [ITl, lemma 3.2] For positive integers a > (5 > n, 

/(-(l,-l,l),n)>/(i(l,-l,l),n). 

a p 

Lemma 3.3. jlTi lemma 3.3] For an arbitrary positive integer a co- 
prime to r and for a positive integer n < [■^], 

l{^{a,-a,l),n) > /(i(l, -1, 1), n) 

where [^-|^] denotes the integral part of . 

Lemma 3.4. [11, corollary 3.4] For positive integers a, a, (3 with < 
(3 < a and a coprime to a and for a positive integer n < [^|^] , 

l{-{a,-a,l),n)>lihl,-l,l),n). 
a p 

3.5. Assumption. From now on within this section we assume X to 
be a minimal projective 3-fold of general type with only Q-factorial 
terminal singularities and with xi^x) = 1- 

Proposition 3.6. If P2{X) > 1, then P2n{X) > n and P2n+i{X) > 
n — 1 for all integers n > 2. 

Proof. Since 

P^{X) = 7K^^-7 + l{4), 
P2{X) = \Kl-?, + l{2). 

Lemma O says /(4) > 2/(2). Thus 

P^{X) - 2P2 W = QKl-l + (/(4) - 2/(2)) 

which implies Pi{X) > QK^ + 1. So one has PiiX) > 2. 
Assume P2n(A) > n for any integer n > 2. One has 

P.„..(A) ^ i^r.^mn^mn^^) ^.^ _ ^ 3^ ^ ^ 
P..{X) ^ M2n-mn-l) ^,^ _ _ ^ ^^^^^^ 

P2n+2{X) - P2n{X) - P2{X) = kK^ - I + l{2n + 2) - l{2n) - l{2) 

where A; > and l{2n + 2) - l{2n) - l{2) > by Lemma O Thus 
P2n+2{X) > n + kK\ > n which implies P2n+2(A) > n + 1. The first 
assertion is proved. 
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Now we study P2n+i{X). Similarly one has 
P3(X) = |i^i-5 + /(3), 

P,iX) - P,iX) - P^iX) = 12KI - 1 + /(5) - /(3) - /(2). 

So P5{X) > P3{X) + 12Kl which says P^iX) > 1. Assume that 
P2n+i{X) > n — 1 for a number n >2. Then a calculation gives: 

P2n+3iX) - P2n+l{X) - P2{X) 

= tK^x - 1 + l{2n + 3) - l{2n + 1) - l{2) 
where t > 0. Thus P2n+3{X) > n. We are done. □ 

Proposition 3.7. Assume P2{X) = 0. If X contains a virtue basket 
Q of singularities with canonical index r{Q) > 28, Then Pis^X) > 3. 

Proof. If X contains a virtue basket Q with index r(Q) = r > 37, 
Lemma I3.H Lemma 13.21 and Lemma 13.31 give 

/(18) > 1{Q, 18) > /(-(I, -1,1), 18) 
r 

Thus Pi8(^) > -35 + /(IS) > 17. 

If X contains a virtue basket Q with index r G [28,36], one can 
verify 1{Q, 18) > 37 case by case. So Pis{X) > 2. Alternatively, one 
may apply the property of the polynomial y = x{r — x) to greatly 
simply the calculation. □ 

Theorem 3.8. Let X he a minimal projective 3-fold of general type 
with Q^- factorial terminal singularities and with xi'^x) = 1- Then 
P2w{X) >3 for all l>0. 

Proof. If P2{X) > 1, then Proposition 13.61 implies Pis{X) > 9. Assume 
P2{X) = from now on. Proposition 13. 7l tells that we may even assume 
the index r{Q) < 27 for all virtue basket Q of X. This makes it possible 
for us to study within limited possibilities. The table in the last part 
lists all possible types of Q with index < 27. 

Step 1. PisiX) > 1. 

To the contrary, assume Pig = 0. Then P3{X) = Pe{X) = Pg{X) = 
0. For a positive integer n, set 



A„ := 71^/(2) + Z(n) -/(n + 1). 
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One has 

P3W-5P2W = 10-^A2, 

Q 

Pe{X) - P:,{X) - 50P2{X) = 144 - ^(Ag + A4 + A5), 

Q 

Pg{X) - P^{X) - I49P2 W = 441 - ^(Ae + A7 + As), 

Q 

Pis{X) - Pg{X) - 1581P2(X) = 4725 - ^^(Ag + • • • + A17). 

Q 

Set F to be the matrix: 

/ 1 -11 -4 \ 

1 -3 -11 
1-7 

\ 1 y 

Since Ps{X) = P^{X) = Pg{X) = P2{X) = 0, we get 

r Vi:=EqA2 = 10 
) V2:=Eq(A3 + A4 + A5) = 144 
I V3:=Eq(A6 + Av + A8)=441 
I V4:=Eq(A9 + --- + Ai7) = 4725 

Then 

(v;,v^,v;j,vi) = (Vi,V2,V3,V4)f 

= (10,34,9,14). 

On the other hand, for any basket Q, we can formally compute Ai{Q) 
for any positive integer i. So one gets Vj(Q) for j = 1, ■ ■ ■ ,4. Taking 
the product with the matrix F, one even gets V^ ((5). In our table, we 
have listed all those values of (Q) where j = 1, ■ ■ ■ ,4. Searching with 
a computer, one finds that the only possible combinations of baskets 
Q of X are as the following: 

(i) 3 of type i(l, -1, 1), 2 of type i(3, -3, 1) and 1 of type ^(7, -7, 1); 

(ii) 4 of type i(l, -1, 1), 3 of type |(2, -2, 1), 1 of type |(4, -4, 1) 
and 1 of type |(3, —3, 1); 

(iii) 2 of type i(l, -1, 1), 2 of type |(2, -2, 1), 1 of type |(3, -3, 1) 
and 1 of type ^1^(7, —7, 1). 

For each case, one gets /(2) = 3 which means Kx = a contradiction 
to X being of general type. Therefore Pi8{X) > 1. 

Step 2. PisiX) > 2. 

Similarly we assume Pig = 1. Then there are 5 possibilities: 

(a) PsiX) = P,{X) = P,{X) = 0; 

(b) P3(X) = P9(X) = 0, and Pe{X) = 1; 
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(c) P,{X) = P,{X) = 0, and P,{X) = 1; 

(d) P,{X) = P,{X) = Pg{X) = 1; 

(e) Ps{X) = and Pe{X) = Pg{X) = 1. 

In the case (a), one has 

(V;,V^,V:„V1) = (Vi,V2,V3,V4)F 
= (10,34,9,13). 

Searching with a computer, one finds that the only possible combina- 
tion of baskets Q of X is: 

(iv) 5 of type 1, 1), 2 of type |(3, 1, 1), 1 of type |(4, 1, 1) and 1 
of type i(3, 2,1). 

A calculation shows /(2) — 3. Then Kx — which contradicts to X 
being of general type. 

In the case (b) through (e), one has, respectively: 

(V'l, V„ V„ VI) = (Vi, V2, V3, V4)F 
= (10, 33, 13, 17), (10, 34, 8, 21), (9, 45, 9, 18), (10, 33, 12, 25). 

Searching with a computer, one finds that the only possible combina- 
tions of baskets Q of X occurring in case (b) and case (d) are: 

(v) (case b) 5 of type |(1, 1, 1), 4 of type |(2, 1, 1) and 1 of type 
1(5,1,1); (One gets ^(2) = 3.) 

(vi) (case d) 2 of type |(3, 1,1), 1 of type |(3, 2,1), 1 of type 

1(4, 3, 1) and 1 of type |(5, 3, 1); (One gets l{2) > 3.) 
(vn) (case d) 9 of type |(2, 1, 1). (One gets /(2) = 3.) 

Clearly one obtains Kx < 0, a contradiction to X being of general 
type. Therefore Pis{X) > 2. 

Step 3. PisiX) > 3. 

Assume Pis{X) = 2. There are still five possibilities (a) through 
(e) as listed above for PsiX), Pe{X) and Pg{X). Then one gets corre- 
sponding datum as follows: 

(V;,V^,V^,V^) = (10, 34, 9, 12), (10, 33, 13, 16), (10, 34, 8, 20) 

(9, 45, 9, 17), (10, 33, 12, 24). 

Still searching with a computer, one gets possible combinations of bas- 
kets Q of X: 

(viii) (Case a) 2 of type |(1,1,1), 2 of type |(2, 1,1), 1 of type 

1(3, 1, 1), 1 of type 1(3, 2, 1) and 1 of type f (5, 2, 1); 

(ix) (Case b) 6 of type ^(1,1,1), 1 of type |(2,1,1), 2 of type 
i(3,l,l) and 1 of type 1(5,1,1); 

(x) (Case c) 4 of type |(1, 1, 1), 2 of type |(4, 1, 1) and 2 of ^(3, 2, 1); 

(xi) (Case d) 1 of type |(1, 1, 1), 6 of type |(2, 1, 1) and 2 of type 

1(3,1,1)- 
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For the situation (viii), one obtains P2{X) = P^iX) = P4,{X) = ■ ■ ■ 
PnW = 0, Pi2(X) = 1, P^3{X) = 0, Pi,{X) = P,,{X) = P,,{X) 
PrriX) = 1, P,s{X) = Pi9(X) = 2, P^oiX) = PaiW = 3. 

Claim. Situation (viii) doesn't exist. 

Proof. According to Reid (see (10.3) of [21j), one has 



where C2{X) is defined via the intersection theory by taking a reso- 
lution of singularities over X. Miyaoka (Corollary 6.7 of [T9]) says 
Kx ■ C2{X) > 0. Thus one sees the inequality 

Now since the datum of (viii) doesn't fit into the above inequality, 
situation (viii) doesn't exist at all. □ 

For other situations (ix) through (xi), one gets l{2) = 3. Thus K'^ = 
which is impossible. 

In a word, we have proved Pis{X) > 3. 

Step 4. Pi8+2i{X) > 3 for all / > 0. 
Since 

P2o(X) = ^iri- 39 + /(20), 

P2o(X) - P,s{X) - P2{X) = qKl-l + /(20) - /(18) - /(2) > -1 + qK^ 
where g > 0. So P2o{X) > PisiX) > 3. 

Assume Pi8+2fc ^ 3 for any integer A; > 1. One has 

P2k+2oiX) = qiKl + (-4A: - 39) + l{2k + 20), 
P2k+is{X) = q2Kl + (-4A; - 35) + l{2k + 18), 
P2fc+2o(X)-P2fc+i8(X)-P2(X) = g3Al-l + /(2A:+20)-/(2A;+18)-/(2) 
where Qi, g2, 93 > and l{2k + 20) - l{2k + 18) - /(2) > by Lemma 
O Thus P2fc+2o(^) > 2 + ?Ki > 2 which implies P2fe+2o(^) > 3. We 
are done. □ 

Theorem 3.9. Let X he a minimal projective 3-fold of general type 
with Q-factorial terminal singularities and with xi^x) = 1- Then 
Pm{X) > 1 for all m > 14. 

Proof. First we show P2„(X) > 1 for all n > 7. In fact, Pi4{X) — 
Pi2(X)-P2(X) > -l + /(14)-/(12)-/(2) andPi2(X) > 1 by Fletcher 
[TT] . Thus Pi4(X) > 1. Assume that P2„(X) > 1 for some n > 7. Then 
P2n+2{X)-P2n{X)-P2{X) > - 1 + / (2n+ 2) -/ (2n) - /(2) which implies 

P2n+2(^) > P2niX) - 1 > 0. 
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Next we assume Pir,[X) > 1. With a similar method, one can see 
P2n+i{X) > 1 for all n > 8. Actually P2„+i(^) - P2n-i(^) - P2{X) > 
-l+/(2n+l)-/(2n-l)-/(2) which implies Fzn.+i W > P2n-i{X)-l > 
0. So P2n+iiX) > 1 whenever P2n-i{X) > 1. 

Now we consider what happens when Pi5(X) = 0. Clearly P3{X) = 
P5{X) = 0. By Proposition 13.61 we may assume P2{X) = 0. 

Clearly we have 

Ps W - 5P2(X) = 10 - Eq A2(g), 
P,{X) - P,{X) - 25P2(X) = 71 - EqIMQ) + A4(g)), 
Pi5(X) - P5(X) - 985P2(X) = 2935 - EgiMQ) + ■■■ + Ai4(Q)). 

Then 

EQA2(g) = io 

EQ(A3(Q) + A4(g)) = 71 
EQ(A5(g) + --- + Ai4(Q)) = 2935 

Claim 3.10. If X contains a virtue basket Q of type -{a, —a, 1) where 
r > 26, then Pi5(X) > 1. 

Proof. According to Lemmas 13.21 13.31 13.41 one has 

Pi5(X)>-29 + /(^(l,-l,l),15)>6 

whenever r > 29. For 26 < r < 28, one may check, case by case, the 
inequality Pi5(A:) > 1. □ 

Therefore it suffices to consider all those virtue basket Q with r < 25. 

Set Ai = Aa, As = A3 + A4 and A3 = A5 H h A14. Set G to be the 

following matrix: 

' 1 -5 
1 


Let 

(A;,A'2,A;,) = (Ai,A2,A3)G = (10,21,45). 

Again we can search with a computer. The only possibilities of combi- 
nations of virtue baskets Q of A are: 

(xii) 1 of type ^{7, 3, 1), 2 of type |(3, 2, 1) and 3 of type |(1, 1, 1); 
(/(2) = 3) 

(xiii) 1 of type |(3, 1, 1), 2 of type |(5,3, 1) and 3 of type ^(1, 1, 1); 
(/(2) = 3) 

(xiv) 2 of type i(2, 1, 1), 1 of type i(3, 1, 1), 1 of type ^^(7, 5, 1) and 
2oftypei(l,l,l);(/(2)>3) 

(xv) 3 of type |(2, 1,1), 1 of type |(4, 1,1), 1 of type |(3, 2, 1) and 
4 of type i(l, 1,1); (/(2) = 3) 

(xvi) 4 of type i(2, 1, 1), 1 of type i(5, 1, 1) and 5 of type i(l, 1, 1). 
(/(2) = 3) 
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Clearly < 0, a contradiction. Therefore, there are no 3-folds 
of general type with x{^) = 1 and Piq{X) = 0. We have showed 
Pi^{X) > which implies the whole theorem. □ 

Proof of Theorem ll.2l (iii). By Theorem 13.81 we have Pig > 3. So 
we may take mi = 18. Consider the map ipis and keep the same 
notation as in 12.21 and 12.41 

If (i = 3, then is birational for all m > 56 by Theorem 12.51 

If d = 2, since mi = 18, (pm is birational for all m > 63 by Theorem 

m 

If d = 1, then (frn is birational for all m > 58 by Theorem 12.9( 3). 
So Theorem ll.2( iii) is proved. □ 
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No. 


Singularity 




V'2 






Ai 


A2 


A3 


1 


1(1,-1,1) 


1 


1 


1 


-1 


1 


1 





2 


1(2,-2,1) 


1 


5 


1 


2 


1 


3 


1 


3 


i(3,-3,l) 


1 


7 


1 


3 


1 


4 


1 


4 


1(4,-4,1) 


1 


8 


1 


10 


1 


4 


25 


5 


1(3,-3,1) 


2 


7 


1 


2 


2 


4 


17 


6 


1(5,-5,1) 


1 


8 


4 


14 


1 


4 


41 


7 


1(6,-6,1) 


1 


8 


6 


18 


1 


4 


52 


8 


i(5,-5,l) 


3 


8 


3 


5 


3 


5 


24 


9 


7(4,-4,1) 


2 


12 


3 


7 


2 


7 


8 


10 


1(7,-7,1) 


1 


8 


7 


25 


1 


4 


59 


11 


1(5,-5,1) 


3 


12 


3 


3 


3 


7 


22 


12 


^8,-8,1) 


1 


8 


7 


35 


1 


4 


65 


13 


1(7,-7,1) 


4 


9 


4 


10 


4 


6 


27 


14 


1(5,-5,1) 


2 


15 


2 


17 


2 


8 


29 


15 


To(9, —9, 1) 


1 


8 


7 


43 


1 


4 


70 


16 


llj(7,-7,l) 


3 


17 


4 


13 


3 


10 


11 


17 


^(10,-10,1) 


1 


8 


7 


50 


1 


4 


74 


18 


ll(9, -9,1) 


5 


10 


5 


13 


5 


7 


29 


19 


Tt(8, -8,1) 


4 


17 


4 


8 


4 


10 


25 


20 


Tt(7,-7,1) 


3 


19 


4 


12 


3 


11 


10 


21 


Tt(6, -6,1) 


2 


16 


5 


27 


2 


8 


67 


22 


1^(11,-11,1) 


1 


8 


7 


56 


1 


4 


77 


23 


1^(7,-7,1) 


5 


15 


4 


9 


5 


9 


42 


24 


1^(12,-12,1) 


1 


8 


7 


61 


1 


4 


79 


25 


^(11,-11,1) 


6 


11 


6 


15 


6 


8 


30 


26 


1^(10,-10,1) 


4 


22 


5 


17 


4 


13 


13 


27 


^(9,-9,1) 


3 


22 


3 


22 


3 


12 


31 


28 


^(8,-8,1) 


5 


19 


4 


6 


5 


11 


40 


29 


1^(7,-7,1) 


2 


16 


10 


33 


2 


8 


94 
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No. 


S 7,naii,ln,ritii 


^ 1 


V 2 


3 


4 








30 


j-d.Q _i3 1^ 

14V-'-'-'' -"-^ 


1 


8 


7 

f 


65 


1 


4 


80 


31 




5 


22 


5 


12 


5 


13 

X \J 


27 


32 


-Lfq _q \\ 
14 W) »5 ^) 




23 


3 


28 


3 


12 


55 


33 


— fl4 -14 1) 


1 


8 


7 


68 


1 


4 


80 


34 


15 \ ' ' / 


7 


12 


7 


16 


7 


9 


30 


35 




4 


26 


(J 


16 


4 


1 5 

X (J 


1 1 

X X 


36 

kJ\J 


— C8 -8 11 


2 


16 


13 


44 


2 


a 


111 


37 


— fl5 -15 1) 

16 ^ ' ' 


1 


8 


7 


70 


1 


4 


80 


38 


— fl3 —13 l") 


5 


27 


6 


20 


5 


16 


14 


39 


— fU —11 1) 

Ig V ' 5 7 


3 


24 


6 


38 


3 


12 


92 


40 




7 


17 

J- 1 


7 


16 


7 


11 


51 

\J X 


41 




1 


a 


7 

f 


71 


1 


4 


80 


42 


— ('15 —15 1^1 


8 


13 


8 


16 


8 


10 


30 


43 


— ('14 -14 1"! 


6 


27 


6 


15 


6 


16 


28 


44 




4 


29 


4 


26 


4 


16 

X \J 


32 


45 


Y^(12, -12, 1) 


7 


22 


5 


12 


7 


13 


59 


46 




3 


24 


9 


42 


3 


12 


108 


47 


j_no — 10 1"! 


(J 


29 


7 


21 


(J 


17 

X 1 


19 


48 




2 


16 


14 


61 


2 


a 

(J 


124 


4Q 


J.fiy _i7 1^ 


1 


8 


7 

f 


71 


1 


4 


80 


50 


— fl3 —13 1) 


7 


26 


5 


8 


7 


15 


57 


51 


— ill —11 1) 


5 


31 


7 


19 


5 


18 


18 


52 


19 (.-"-O) -"-O, ij 


1 


8 


7 


71 

i X 


1 


4 


80 


53 


J-fi? _17 i^i 


Q 


14 


9 


15 

XtJ 


9 


1 1 

X X 


30 


54 


19 V ^' ^5 / 




32 


7 

f 


22 




19 

X tj 


15 

X(J 


55 


— ('15 —15 ll 

19 V ' ' / 


5 


33 


6 


19 


5 


19 


12 






4 


31 


4 


38 
00 


4 


1 6 

J-U 


80 


57 


^(13,-13,1) 


3 


24 


14 


47 


3 


12 


135 


58 


^(12,-12,1) 


8 


23 


7 


14 


8 


14 


66 


59 


1^(11,-11,1) 


7 


29 


7 


11 


7 


17 


47 
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No. 


Sin mil nvifii 


V 1 


V'„ 

V 2 


^3 


v. 


A', 




A'o 


60 


j-fin —10 1^1 


2 


16 


14 


78 


2 


a 


135 


61 

\J J. 


J-flQ — 1Q 11 


1 


8 


7 


71 

f J- 


1 


4 


80 


62 


—in -17 1) 


7 


32 


7 


17 


7 


19 


29 


63 


— fl3 —13 1) 


3 


24 


16 


51 


3 


12 


146 


64 




9 


19 


9 


23 


9 

tJ 


13 


56 


65 


J-foO —10 1"! 


1 


a 

(J 


7 


71 


1 

X 


A 


80 


66 

\J\J 


J-fiq _iq -l^ 


10 


15 


10 


14 


10 


12 


30 


67 


J-fiy _i7 1^ 


5 


36 


5 


29 


5 


20 


33 


68 


— (16 —16 l") 


4 


32 


7 


48 


4 


16 


117 


6Q 






31 


7 


9 


a 


18 


62 


70 


J-Hi —11 ^) 


2 


16 


14 


93 


2 


a 


144 


71 


j-foi —21 ^) 


1 


a 

(J 


7 


71 


1 

X 


4 


80 


72 


J-fiq _-iq ■]) 


7 

f 


37 


a 


24 


7 

f 


22 


16 


73 


— ('17 -17 1") 


9 


29 


6 


14 


9 


17 


76 


74 




3 


24 


19 

J- ty 


62 


3 


12 


163 


75 


j_n3 —13 


5 


37 


5 


39 


5 


20 


60 


76 


— (22 —22 T) 
23 V ' -^^ 


1 


a 

(J 


7 


71 

1 J- 


1 


4 


80 


11 


— f21 —21 1^1 


11 


16 


11 


13 


11 


13 


30 


78 


— ('20 —20 ll 
23V^u, ^u, ±; 


8 


37 


a 

u 


19 


a 


22 


30 


79 


— (19 —19 ll 


6 


40 


7 


22 


6 


23 


13 


80 


— fl8 —18 1) 


9 


33 


6 


10 


9 


19 


74 


81 


— (17 —17 1) 


4 


32 


13 


56 


4 


16 


149 


82 


23 V^' ^^J-^J 


10 


25 


10 


21 


10 


16 


75 


83 


— f15 —15 1") 


3 


24 


20 


69 

\JtJ 


3 


12 


170 


84 


■^(lA —14 ll 


5 


38 


5 


45 


5 


20 


84 


85 


23V-I-O, 1-0,1) 


7 

f 


39 


9 


30 


7 

f 


23 


24 


oL) 


1 n 9 —19 T 
231,1/:, iZ, ij 


9 


1 R 

IL) 


^A 
1^ 


1 OR 


9 


Q 




1 51 


87 


^(23,-23,1) 


1 


8 


7 


71 


1 


4 


80 


88 


^(19,-19,1) 


5 


39 


5 


48 


5 


20 


105 


89 


^(17,-17,1) 


7 


41 


10 


28 


7 


24 


27 
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No. 


S'7T) niilnTifii 


^ 1 


^ 2 


^ 3 


^ 4 






A'o 




J_('i3 —13 l"! 


11 


21 


11 


28 


11 


15 


59 




— f24 —24 1) 


1 




7 


71 

1 X 


1 


4 


89 


92 


— f23 —23 1) 


12 


17 


12 


12 


12 


14 


3n 


93 


— (22 —22 1) 


8 


42 


9 


26 


8 


25 


17 


94 


— f21 —21 1) 


6 


43 


6 


32 


6 


24 


34 


95 


J_n9 —19 ]) 


4 


32 


18 

X \J 


61 

yf X 


4 


16 

X \J 


1 76 

X 1 \J 


96 


25(^10, 10,1; 


7 


43 


in 

X \J 


26 


7 


25 


26 


97 


— fl7 -17 1) 


3 


24 


21 


86 


3 


12 


183 


98 


— fl6 —16 1) 

25 v ^' / 


11 


26 


11 


26 


11 


17 


78 


99 


— fl4 —14 1) 


9 


39 


9 


2n 


9 


23 


52 


inn 

-L w w 


251,10, 10,1; 


2 


16 

X \J 


14 


117 

X X 1 


2 


8 


156 




— f25 —25 1) 


1 




7 


71 

1 X 








102 


— ('23 —23 1") 


9 


42 


9 


21 








in3 


— f21 —21 1) 


5 


4n 


8 


58 








in4 




11 


31 


in 


19 








in5 


— fl7 -17 1) 


3 


24 


21 


96 








in6 


2gi,±o, ij, 1; 


7 


45 


9 


28 








in? 

X \J 1 


— (26 —26 1") 


1 


8 


7 


71 

1 X 








in8 

X wo 


— f25 —25 1") 


13 

X • } 


18 

X \J 


13 

X - J 


11 








in9 


J- ('23 —23 1) 


7 


47 


8 


25 








iin 


— f22 —22 1) 

27V ' ' / 


11 


36 


7 


16 








111 


— f2n — 2n 1) 


4 


32 


22 


69 








1 1 9 


J-H 9 —19 1 

2^ -Ly , — -Ly , -L J 


1 n 


zLl 


1 n 










113 


^(17,-17,1) 


8 


46 


11 


34 








114 


2^(16,-16,1) 


5 


4n 


11 


65 








115 


^(14,-14,1) 


2 


16 


14 


126 









Remark 3.11. Almost one year after the first version of this paper 
was put to arXiv, Yongnam Lee informed us of the relevant paper [22] . 
We admit that the effectivity of Miyaoka-Reid inequahty (see the proof 
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of Claim) was first observed in [22] • In fact, one may take mg = 6 and 
nil = 10 by virtue of [22j. Thus Theorem 11.11 imply the following: 

Corollary 3.12. Let V be a nonsingular projective 3-fold of general 
type with x(C^v) = 1- Then (frn is birational onto its image for all 
m > 54. 
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